Pair production due to the Schwinger mechanism is modeled in a self-consistent approach taking into account the backreaction of the created particles on the field. The model uses the Boltzmann kinetic equation for the electrons and positrons and the Maxwell equations for the electromagnetic field, which are solved numerically in a certain approximation for the case of the linearly polarized plane wave collision. The results indicate three main stages of the collision process: the acceleration of particles, the deceleration of particles, and plasma oscillations. A linear equation describing the oscillations is obtained, the oscillation frequency is related to the frequency of the quasinormal mode of the plasma with the least damping. It is also shown that the oscillation frequency is of the order of the plasma frequency.
I. INTRODUCTION
The electron-positron pair production in strong electromagnetic field was predicted by Klein and Sauter (see Ref. [1] for a review), and modern laser facilities such as Extreme Light Infrastructure (ELI) [2] and High Power laser Energy Research facility (HiPER) [3] offer a possibility to check these predictions. Potential intensities that can be reached at these facilities are up to 10 26 W/cm 2 [3], which allows to observe physical processes taking place in an electric field close to the critical quantum field E c = m 2 e c 3 /e , which corresponds to the intensity of the order of 10 29 W/cm 2 . The phenomena taking place in a superstrong laser field have attracted much attention of researchers recently. Various processes have been investigated such as the electron-positron-photon cascade formation [4] [5] [6] and different quantum electrodynamical reactions including the nonlinear Breit-Wheeler and Bethe-Heitler effects [7] , photon-photon scattering [8] , and muon pair production [9] . Fedotov et al. [4] emphasize that if a cascade develops the influence of the particles on the initial electromagnetic field has to be taken into account. Such selfconsistent model of cascade development in the field of colliding linearly polarized laser pulses has been recently proposed by Nerush et al. [6] .
A self-consistent approach to pair production has been developed in a simpler model treating the electric field as uniform and considering only the Schwinger mechanism of pair production. Both the model based on the semiclassical quantum field theory [10] and the one based on the the kinetic description of the electron-positron plasma [11] [12] [13] predict plasma oscillations [1] . In a sufficiently large time when the pair production almost stops these oscillations can be interpreted as natural oscillations of the plasma. We may expect that the plasma formed during the collision of laser pulses also has natural oscillations that show themselves after the collision. * tarasenk@tut.by
The goal of the present paper is to model the evolution of the electron-positron plasma and the electromagnetic field in the collision of two linearly polarized laser pulses, taking into account the backreaction of the particles on the field.
The system (the electron-positron plasma and the field) will be modeled under the following assumptions: each of the pulses is a plane linearly polarized electromagnetic wave. The pairs are produced only due to the Schwinger mechanism, i. e. we neglect the radiation reaction force acting on each particle and thus the possibility of cascade formation. The electric field is of the order of or less than the critical one, and the characteristic scale of its variation is much less than the Compton wavelength of the electron λ e = /m e c, which implies that the particles are produced almost at rest and the pair production rate is described by the Schwunger formula. The electron-positron plasma is considered to be ideal, nondegenerate and collisionless. The plasma is treated in the ultrarelativistic approximation, i. e. we assume that in a negligible time after the creation the particle moves at the speed of light.
II. KINETIC DESCRIPTION OF THE ELECTRON-POSITRON PLASMA
Consider an electromagnetic field with the potentials ϕ = 0, A = A y (t, x)e y , where (x, y, z) are the Cartesian coordinates. The electric field strength E and the magnetic induction B are directed along y-axis and z-axis, respectively. The only nonzero components of these vectors are
Consider the fields for which A y (t, −x) = A y (t, x) and thus E y (t, −x) = E y (t, x) and B z (t, −x) = −B z (t, x). Such field can model the collision of waves at the point x = 0 where the magnetic field vanishes. We will consider the following initial field
where erf x is the error function
Field (2) is a linear combination of two gaussian wavepackets with the amplitude (the maximum value of the electric field strength) E 0 and the characteristic size σ. The wavepackets are initially located at the distance 2a and collide at the moment t = a/c, the characteristic duration of the collision being σ/c. The maximum intensity of each wave is
In order to ensure the applicability of the Schwinger formula for pair production and the ultrarelativistic approximation we assume that the following inequalities are satisfied:
Denote f e (t, x, p) and f p (t, x, p) the distribution functions of electrons and positrons, respectively. Since the particles are created at rest they move in the xy plane in field (1) . The Boltzmann kinetic equation for electrons reads
where v is the electron velocity, S(E, B) is the source describing the pair production due to the Schwinger mechanism [14] :
and θ(x) is the Heaviside theta-function. Note that in general the pair production rate depends on two field invariants: E 2 − B 2 and EB. For field (1) the second invariant is identically zero, thus the pair production is described by the same expression as the one in the electric field E ′ = √ E 2 − B 2 . The theta-function in expression (7) prohibits pair production in a field that becomes a purely magnetic one in a certain reference frame. The source in equation (6) is proportional to the delta-function of the particle momentum which is a consequence of the assumption that the particles are produced at rest. It is valid if the characteristic energy obtained by a particle during the acceleration in the field is much greater than its initial energy, which is guaranteed by inequalities (5) .
The distribution function depends on five variables, which complicates the numerical solution of the kinetic equation. Therefore we replace the exact equation by an approximate one neglecting the terms proportional to v x and B z in equations (6) . This approximation can be explained in the following way: the pair production rate in a subcritical field has a sharp maximum around the maximum point of the electric field, i. e. x = 0. The magnetic field in this region is small due to the symmetry relation (B z (t, −x) = −B z (t, x)), and the velocity component v x is appears only due to the magnetic field and thus is also small as compared to the component v y . We note that these conditions do not guarantee that the particle remains in the region with weak magnetic field all the time, and the particle really leaves this region. However, we will consider only the approximate model here assuming that it correctly predicts the qualitative properties of the system (see also Discussion section). The substitution f e (t,
There is no need in solving the kinetic equation for the positrons since
The Maxwell equations reduce to
where the only nonzero component of the conduction current is
where sgn x is the signum function. There is no polarization current on the right side of equation (9) since it is identically zero for source (6) in the ultrarelativistic approximation. We solved equation system (8)- (10) numerically with the following initial and boundary conditions
where X 0 and p max are sufficiently large numbers determining the boundary of the integration domain. We fixed the parameters a = 5σ and σ = 10 −4 cm (which corresponds to the laser wavelength of the order of 1µm), and varied E 0 from 0.065E c to 0.23E c . A system of units with σ = c = E c = 1 was used in calculations, so that
where α = e 2 / c is the fine structure constant. The corresponding intensities of the initial waves (4) varied from 1.96 × 10 27 W/cm 2 to 2.46 × 10 28 W/cm 2 . The first value is approximately the pair production threshold: for E 0 = E min = 0.0644E c the pair production rate is S(E min ) = cσ −4 . The second value, as the numerical solution showed, corresponds to a regime when the backreaction of the particles significantly changes the initial field. Note that the adiabaticity parameter η = σE 0 /λ e E c [12] is large in the range of parameters E 0 and σ used in calculations. The condition η ≫ 1 is necessary to use the Schwinger formula for the pair production rate.
Equation system (8)- (10) was solved in the region 0 < t < T 0 , −X 0 < x < X 0 , −p max < p y < p max , where T 0 = X 0 = 15, p max = 0.5. The finite difference method was used, the grid having N x = 251 points in the xdirection and N p = 401 point in the p y -direction. Due to strong dependance of the pair production rate on the field strength it was sufficient to solve equation (8) in the range −11∆x x 11∆x, where ∆x = 0.12 is the grid spacing. Since the source in equation (8) is singular (proportional to the delta-function) the equation was not solved directly. The solution was expressed as
and both functions F (±) e (t, x, p y ) were obtained by solving the corresponding homogeneous equation. Equation (8) itself was used for solution joining:
The electric field E y at different moments of time for a specific solution with E 0 = 0.15 is shown in Fig. 1 . It follows from the figure that the backreaction of the particles on the field significantly changes the latter. It is also evident that at some points the electric field has the opposite direction to the direction of the initial field (2).
Equation system (8)- (10) is self-consistent, which leads to the conservation of the total energy E = E f +E p , where
is the field energy and
|p y |F e dp y dx is the energy of particles, both related to a unit area in the yz plane. Fig. 2a shows the energy of particles as a function of time. It follows from the figure that at first a significant part of the total energy (about 90% for E 0 > 0.1) is transmitted to the particles. Then the electric field changes its direction and a large part of the energy of particles is returned back to the field. For E 0 > 0.1 the particles possess from 10% to 40% of the total energy in the final state, the percentage increasing with E 0 . The calculation shows that the total energy is conserved with the maximum deviation not exceeding 2% for all values of E 0 . The concentration of electrons (or positrons) is given by n e = n p = ∞ −∞ F e dp y .
The numerically calculated electron concentration is presented in Fig. 2b . The figure shows that the pairs are produced in a region with a characteristic size σ centered at the point x = 0. Note that plasma with a characteristic Lorenz factor of particles equal to 10 5 and a concentration of the order of 10 25 cm −3 can be considered as ideal and nondegenerate, which was initially assumed.
The total number of pairs per unit area can be written as
F e dp y dx.
The evolution of the total number of pairs is shown in Fig. 3 . It follows from the figure that pairs are produced in significant quantities only at certain moments of time which, as the analysis shows, approximately coincide with the maximum points of the electric field strength |E y | at the origin x = 0. We also found the number and energy of pairs in a non-self-consistent model the basic equations of which consist of equation (8) and (9) without the source on the right side. The self-consistent model always predicts smaller values both for the number of particles and their energy, the difference in predictions increasing with E 0 : for E 0 = 0.065 the ratio of the numbers and energies of particles in the final state in self-consistent and non-selfconsistent models are 0.99 and 0.94, respectively, and for E 0 = 0.23 these ratios are 6.0 × 10 −7 and 8.3 × 10 −8 .
III. LINEARIZED MODEL
Numerical solution gives the evidence of plasma oscillations after the collision, which are present in Fig. 1c . When the magnitude of the electric field is sufficiently small we expect the oscillations to be linear. In this case the quantity A y (t, x 1 ) as a function of time at a fixed point x = x 1 has to be of the following form:
where the parametersÃ y , A 0 , ω 0 , t a , λ do not depend on time. The potential (19) possesses two properties: firstly the moments of time t n form an arithmetical progression, where t n are the roots of equation E y (t n , x 1 ) = 0 enumerated in ascending order; secondly the quantities (A y (t n+1 , x 1 ) − A y (t n , x 1 )) form a geometric progression.
We chose x 1 = 0 and found that these two properties hold for all values of E 0 in the range 0.065 ≤ E 0 ≤ 0.23 if we omit several first moments t n at which the oscillations are still nonlinear. The common difference and the common ratio of the progressions allow to calculate the oscillation frequency ω 0 and the parameter λ. Particularly, for E 0 = 0.15
The linear regime of oscillations is described by linear equations that follow from equation system (8)- (10) . In this regime the pair production is negligible, therefore equation (8) has a solution
where Ψ(x, p y ) is an arbitrary function. Equation (21) implies that the plot of F e versus p y for a fixed value of x shifts along p y -axis with time, its form remaining constant. Introduce the following notations:
In the linear in δA y approximation
wherej y (x) = j y (∞, x). Substitution of equation (23) into (9) yields
where relation (21) and the fact that δA y = 0 is a solution of the linearized equation were used. Equation (24) is a wave equation with the potential V (x). Numerical solution of equation system (8)- (10) together with equation (25) allows to find the potential for arbitrary values of the parameters. The analysis shows that the potential is always positive, symmetric (V (−x) = V (x)) and tends to zero at the infinity. For E 0 < E 1 ≈ 0.15 the potential has a single maximum at the point x = 0. If E 0 > E 1 then the maxima of the potential are located symmetrically with respect to the origin and x = 0 is the minimum point. Equation (24) describes the penetration of a wave through a potential barrier. The asymptotic form of the function δA y for large t can be described in terms of the quasinormal modes of oscillations [15] , which are analogous to the quasidiscrete states of a quantum system. For sufficiently large t the quantity δA y is approximately proportional to the quasinormal mode with the least damping. The quasinormal mode is a solution of equation (24) of the form δA y = ψ(x) exp (−iωt), where ω = ω 0 − iλ (the parameters ω 0 and λ have the same meaning as in expression (19)). The function ψ satisfies the following equation
where a prime denotes differentiation of a function with respect to its argument, together with the boundary conditions
where X 1 is sufficiently large so that the inequality V (±X 1 ) ≪ ω 2 /c 2 holds (for an exact quasinormal mode X 1 = ∞). We found the quasinormal mode frequency numerically integrating equation (26) with initial conditions (27) for a fixed value of ω, and then solving equation (28) as an algebraic one. The initial condition required for the numerical solution of equation (28) was
where V max is the maximum value of the potential (the first quasidiscrete state is located near the maximum point of the potential energy, see also [15] ).
The calculated parameters ω 0 and λ are presented in Fig. 4 . The data shown in the figure were obtained similarly to the values (20), i. e. by solving nonlinear equation system (8)- (10) . The values of ω 0 and λ were calculated only for E 0 ≥ 0.1 since in the opposite case we could not observe enough oscillations. The results of the quasinormal mode calculation lead to the same values of the parameters with a maximum deviation of less than 2% both for ω 0 and λ. The plots (Fig. 4) show a nontrivial dependance of the parameters on the field strength, particularly, no asymptotic behavior both for large and for small values of E 0 can be revealed. The same conclusion is expected about the dependance of ω 0 and λ on σ.
The oscillation frequency ω 0 can be estimated for E 0 < E 1 given the characteristic Lorenz factor γ and the concentration of electrons n e . Using the characteristic value of the momentum m e cγ and equation (17) we obtain: n e (t, x) ∼ F e (t, x, 0)m e cγ. The approximation ω 0 ≈ c V (0) (for E 0 < E 1 the maximum value of the potential is V (0)) and formula (25) lead to the estimate
Benedetti et al. [13] introduce the notion of the relativistic plasma frequency ω p , which is √ 2 times less than the right side of equation (29) (it should be noted that in [13] all electrons are assumed to have the same Lorenz factor, and γ is understood as its value). Estimate (29) shows that the oscillation frequency is of the order of the plasma frequency. The parameter λ is related to the quantity V ′′ (0) [15] and thus is more difficult to estimate.
IV. DISCUSSION
The results of the modeling suggest the following scenario of the laser pulse collision. Pair production begins approximately at the moment of collision and occurs in a small region the size of which is of the order of the laser wavelength. The created particles are accelerated to ultrarelativistic energies by the electric field. The particles produce electric current which causes the electric field to change its direction, and the energy of particles is returned back to the field. This process can repeat several times. After the magnitude of the field becomes sufficiently small the particle production almost stops, the field energy remains approximately constant, and the plasma reaches the equilibrium state through oscillations.
The advantage of the considered model is that the kinetic equation for the electrons is reduced to an equation in three variables, and even this equation has to be solved in a small region close to the origin (|x| σ). However, this allows to obtain only qualitative but not quantitative description of the system. The direct solution of the equation of motion shows that the electron leaves the region where the magnetic field is weak in time (the escape time is of the order of σ/c). This leads to the expansion of the plasma cloud, which was also obtained by Nerush et al. [6] . Moreover, the radiation losses of a particle become important since the particles are accelerated to ultrarelativistic energies in subcritical fields (in agreement with [12] ). A self-consistent description of radiation requires taking into account the existence of photons and the possibility of pair production by them. The processes of radiation and pair production by a photon result in the possibility of the electron-positron-photon cascade formation. Nevertheless, we expect that these two effects do not change the general conclusions drawn above, particularly about the existence of plasma oscillations. The expansion of the plasma is expected to reduce the oscillations: the oscillation frequency has to decrease due to the decrease in particle concentration (29), and the parameter λ has to increase since the plasma cloud loses energy not only due to the radiation but also due to the particle loss. The cascade formation is expected to increase the oscillation frequency as it increases the particle concentration (it is more difficult to draw a conclusion about the parameter λ: it has to decrease if the maximum of the potential V (0) becomes less sharp and thus V ′′ (0) decreases, but it is not clear whether such effect takes place).
A model that is free of these two approximations but does not take into account the Schwinger mechanism of pair production was developed by Nerush et al. [6] . Paper [6] considers the cascade formation in the collision of linearly polarized laser pulses having finite width in x and y-directions. The model is based on the combination of the particle-in-cell (PIC) and Monte-Carlo algorithms, and is self-consistent. However, neither energy transmission from the particles to the field nor plasma oscillations were obtained as the result of modeling. We can explain it by the fact that the numerical solution was stopped when the energy of all particles was roughly 40% of the total energy. The results of the present paper suggest that the energy transmission to the field starts when the energy of particles becomes approximately 90% of the total energy, and the oscillations start even later.
Plasma oscillations were obtained in the uniform plasma model [12, 13] . The plasma oscillations in this model in the weak field limit are interpreted as the longitudinal Langmuir waves having an infinite wavelength and thus the frequency equal to the plasma one. The electromagnetic radiation is impossible in this model thus the field energy periodically vanishes being totally transmitted to the particles, and the oscillation damping becomes negligible for large t. In the given paper the geometry of the field is different thus several conclusions change: the field energy is not totally transmitted to the particles, the percentage of the transmitted energy depending on the intensity of the initial waves; the oscillations are damped due to the electromagnetic radiation. However, both models predict the same estimates of the parameters: the oscillation frequency is of the order of the plasma frequency [13] , the characteristic Lorenz factor of the particles is of the order of 10
5 for E 0 ∼ 0.15 [12] .
V. CONCLUSIONS
In the given work a self-consistent model of pair production in the collision of two linearly polarized plane electromagnetic waves is presented. The general scenario of collision is described; it consists of three stages: the acceleration of particles, the deceleration of particles, and plasma oscillations. The linearized model describing the plasma oscillations is obtained from the general nonlinear one. The parameters of oscillations are related to the complex frequency of the quasinormal mode with the least damping. Estimate of the oscillation frequency (29) is obtained. The effects that are not taken into account in the model are considered, and their role is discussed. The results of this paper are compared with the results obtained using different models.
